
Homogeneous Nucleation in Supercritical 
Fluids 

When a supercritical solution is rapidly expanded, large solute 
supersaturations can be attained, and small particles are formed. The 
evolution of the homogeneous nucleation rate, work of nucleus forrna- 
tion, and critical nucleus size along different expansion paths is 
investigated here for the model system phenanthrene-carbon dioxide. 
Nucleation rates are the result of the competition among solvent 
expansion, cooling due to depressurization, and high supersaturation. 
Although supersaturations can reach very high values (> lo6), relatively 
flat nucleation rate profiles result due to cooling and expansion. For an 
interfacial tension of 0.02 N/m, computed nucleation rates never 
exceed lo4 s- ’  . c W 3 .  A substantial fraction of the maximum nucleation 
rate is attained with partial decompression to pressures above 1 bar. 

Introduction 
The formation of solids following the rapid expansion of 

supercritical solutions offers considerable promise as a means 
for the production of thin films, crystalline or amorphous 
powders with narrow and controllable particle size distribution, 
and intimate mixtures of amorphous materials (Matson et al., 
1987a). This process is, accordingly, of potential interest in 
applications ranging from ceramic precursor processing, produc- 
tion of polymeric microspheres for chromatography packings 
and controlled drug delivery, and as an alternative to milling in 
the pharmaceutical industry. 

In this method of solids processing, the substance of interest, 
generally a nonvolatile solute, is first dissolved in a supercritical 
fluid. In  the relative vicinity of the solvent’s critical point, the 
resulting dilute solution is characterized by a high compressibil- 
ity. Small changes of pressure give rise to large changes in 
density (and hence solvent power) (Kumar and Johnston, 1988). 
The expansion of the original solution, consequently, results in 
the precipitation of the dissolved solute. Although the starting 
mixture is liquid-like in density, its high compressibility allows 
nucleation to be triggered mechanically (pressure reduction) 
rather than thermally. Mechanical perturbations travel a t  the 
speed of sound, favoring the rapid attainment of uniform 
conditions within the expanding fluid. Dilute mixtures of nonvol- 
atile solutes in supercritical solvents, furthermore, are fre- 
quently characterized by high enhancement factors (ratio of 
actual solubility to the same quantity, as predicted assuming 
ideal gas behavior at the prevailing temperature and pressure). 
The rapid expansion of supercritical mixtures can therefore 
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result in very high supersaturations. This combination of large 
supersaturation and uniform conditions favors small particles 
and narrow size distributions, and is a distinguishing feature of 
this process. 

To date, work on solids formation by expansion of supercriti- 
cal solutions has been exclusively experimental (Krukonis, 1984; 
Larson and King, 1986; Petersen et al., 1986; Matson et al., 
1986a,b, 1987a,b; Mohamed et al., 1989a,b; Halverson, 1989; 
Chang and Randolph, 1989; Tavana and Randolph, 1989; see 
Mohamed et al., 1989a for a detailed discussion). 

The commercial application of this promising technology, 
henceforth referred to as RESS (rapid expansion of supercriti- 
cal solutions) (Matson et al., 1987a) depends in part upon a 
sound understanding of the underlying physical phenomena. 
This means taking into consideration the processes of particle 
formation and growth (nucleation, condensation, coagulation; 
see, for example, Gelbard et al., 1980; Friedlander, 1983; 
Warren and Seinfeld, 1985; Turner et al., 1988; Pratsinis, 
1988), as well as nonidealities peculiar to supercritical solutions, 
which can give rise to an inversion in the sign of the solute’s heat 
of condensation (Chimowitz and Pennisi, 1986; Chimowitz et 
al., 1988; Debenedetti and Kumar, 1988). In addition, nucle- 
ation, cqhdensation and coagulation take place in a fluid 
medium ki th  unusual thermophysical properties (for example, 
liquid-like density coupled with compressibility in excess of its 
ideal gas value; viscosity intermediate between gas and liquid- 
like). In the vicinity of the solvent’s critical point, furthermore, 
physical properties are very sensitive to small changes in 
temperature and pressure. Although the phenomena involved 
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are well understood individually, their interaction makes this 
problem particularly interesting. 

The formation of monodisperse aerosols by vapor condensa- 
tion in nozzles is a well known process (Turner et al., 1988). 
Optimal nozzle and expansion conditions for RESS, however, 
have not been investigated to date. Most RESS experiments 
(e.g., Mohamed et al., 1989a,b; Chang and Randolph, 1989) 
have been performed under conditions approaching free expan- 
sion following flow through a narrow restriction. Under these 
conditions, most of the expansion happens after the restriction 
(Matson et al., 1987a). This situation is best described by free 
jet expansion models (e.g., Murphy and Miller, 1984). Neverthe- 
less, a continuous RESS process involving only partial expansion 
is attractive, since it would reduce solvent recompression costs 
and would allow greater control over the product size distribu- 
tion (Tavana and Randolph, 1989). In this mode of operation, 
the mixture would be expanded in a subsonic converging nozzle 
into a chamber held at  a convenient pressure, and the solvent 
recirculated after mechanical separation of the powder. It is, 
therefore, very important to understand whether appreciable 
nucleation rates can be achieved with partial expansions. Conse- 
quently, in this paper, we investigate an important aspect of the 
full RESS problem, exploring the evolution of the nucleation 
rate along different expansion paths. All calculations are for 
phenanthrene in carbon dioxide. 

Energetics 
The type of system considered here consists of a nonvolatile 

solid solute dissolved in a supercritical solvent, and exhibits 
so-called attractive behavior (Debenedetti and Mohamed, 1989). 
Solubility enhancement in such systems (i.e., ratio of actual to 
ideal-gas-predicted solubility a t  the same temperature and 
pressure) can be as high as lo6. The phase behavior of attractive 
mixtures of nonvolatile solutes in supercritical solvents has been 
extensively discussed elsewhere (McHugh and Krukonis, 1986; 
Kim et al., 1985; Rowlinson and Swinton, 1982). For the 
systems and process conditions of interest here, solvent dissolu- 
tion in the solid precipitate is negligible. Furthermore, since 
solvent condensation upon expansion leads to recrystallization 
(Mohamed et al., 1989a; Chang and Randolph, 1989) and is 
therefore undesirable, the expansions considered in this work are 
into the solvent’s single-phase region. The process considered 
here is thus one in which pure solute nuclei are formed within 
the supercritical solution. 

The minimum work associated with the formation of a 
nucleus of n molecules of a single-component isotropic phase 
(e.g., liquid) within a different single-component bulk phase 
(e.g., vapor) can be written as (Reiss, 1970; Katz and Blander, 
1973) 

where F denotes the nucleus’ surface area, u, the interfacial 
tension, V‘, the nucleus’ volume, P‘, the pressure inside the 
nucleus, and P, the pressure in the bulk phase (i.e., p’ is the 
chemical potential inside the isotropic nucleus). For an incom- 
pressible nucleus, such as we consider here, 

where u‘ is the molecular volume of the condensed phase, which 

does not depend on pressure. Then, 

n[/.l’(P‘, T )  - p ’ ( P ,  T ) ]  = V’(P’ - P) (3) 

Substituting this expression for V ‘ ( P  - P’) into Eq. 1 and 
defining 

W,,, = aF + nap ( 5 )  

where Ap is now the difference in chemical potentials between 
the two phases, but at the bulk temperature and pressure 
(Gibbs, 1877; Frenkel, 1955). We now consider a dilute solution 
of a nonvolatile solute (1) in a supercritical fluid (2). For a 
nucleus containing only solute molecules, Eq. 5 reads 

where W,,, now denotes the minimum work associated with the 
formation of a nucleus of n solute particles within a bulk solution 
of pressure P, temperature T, and solute mole fraction y , ,  
&(T, P )  is the chemical potential of the pure solid solute a t  T 
and P, and p l ( T ,  P ,  y , ) ,  its chemical potential in the fluid phase. 
Let y;(T, P) denote the equilibrium (saturation) solute mole 
fraction in the supercritical fluid. At equilibrium, the solute’s 
chemical potentials in the solid and fluid phases are equal, 

and Eq. 6 can be written as 

The solute’s chemical potential is given by 

where 4, is the solute’s fugacity coefficient. For dilute solutions, 
we can write 

where K is only a function of temperature and pressure, and 4; is 
the solute’s fugacity coefficient a t  infinite solution (Debenedetti 
and Kumar, 1986). Using this expression for the solute’s 
fugacity coefficient, the difference in chemical potentials in Eq. 
8 reads 

or equivalently, 
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Substituting Eq. 12 into Eq. 8, we obtain 

Wmi, = OF + n k T [ K y ; ( S  - 1) - In S] (13) 

where S denotes the supersaturation (yl/y;). If the fluid phase 
behaves as an ideal gas mixture (4, = 1) or as an ideal solution 
[4, = dI( T,  P ) ] ,  we recover the familiar expression, 

Wmi, = OF - nkT In S (14) 

Since, for given T and P, the solution is stable ( y ,  5 y; )  or 
metastable ( y  > y:)  but not unstable, we must have 

or equivalently, 

which implies. in addition to Ky; < 1, 

Assuming the nucleus to be spherical, its critical size is given by 

where n* and r* denote the number of solute molecules in, and 
radius of, the nucleus, for which the function W,,,(n) is 
maximized, and u ,  is the molecular volume of the solid solute. 

When S > 1, the fluid phase is metastable. Critical nuclei, on 
the other hand, are unstable: smaller nuclei disappear, and 
bigger nuclei grow (Frenkel, 1955; Gibbs, 1877). Thus, the 
critical nucleus is simply a threshold size that must be reached 
before a phase transition can occur. Since the thermodynamic 
treatment is limited to the onset of a phase transition, it provides 
no information on the progress of such an event beyond its 
initial, embryonic stage represented by the fluctuation- 
dominated formation of nuclei (Lifshitz and Pitaevskii, 198 1). 

Kinetics 
The nucleation rate expression used in this paper is based on 

classical nucleation theory (Becker and Doring, 1935; Zeldov- 
ich, 1942; Frenkel, 1955; Lifshitz and Pitaevskii, 1981). Several 
excellent reviews of this topic are available (Springer, 1978; 
McDonald, 1962, 1963; Blander and Katz, 1975; Seinfeld, 
1986; Friedlander, 1977). A detailed derivation of the rate 
expression can be found in the Appendix. 

Classical nucleation theory arrives a t  a rate expression 
through thermodynamic (equilibrium) considerations. It is based 
on several approximations: those whose validity is unchanged by 
operation under typical RESS conditions are discussed in the 
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Appendix. Here, we investigate whether two of the theory’s key 
assumptions retain their validity during RESS. 

Diluteness 
The concentration of nuclei is assumed to be small and the 

solute is assumed to exist overwhelmingly as single molecules 
( n  = 1; “monomer”). This allows one to postulate that the 
growth or breakdown of nuclei occurs via elementary steps 
consisting of the attachment or loss of single solute molecules. 
Given the almost liquid-like density of supercritical solvents, it is 
natural to inquire as to the validity of this picture under typical 
RESS conditions. Using mol/cm3 as a representative 
solvent density and a solute mole fraction of lo-’, we obtain a 
solute concentration of lo-’ mol/cm3. For comparison, there are 
4 x mol/cm3 in an ideal gas a t  1 bar and 300 K. Thus, it is 
reasonable to assume that the mixture is, in this sense, dilute. 

Results of recent fluorescence spectroscopy experiments (Bren- 
necke and Eckert, 1989) have shown that pyrene can form 
excimers (excited state dimers) at very low mole fractions when 
the solvent is close to its critical point. At present, it is not known 
whether these strong solute-solute interactions occur in all dilute 
supercritical systems or only in certain specific mixtures. The 
assumption of an unassociated solute, therefore, needs to be 
critically examined as knowledge on this question progresses. 

Steady state 
Since rapid expansion is an essential feature of the process, 

the use of a rate expression derived for steady-state conditions 
needs to be critically examined. Several authors have addressed 
the “time lag” question (Zeldovich, 1942; Kantrowitz, 195 1; 
Wakeshima, 1954; Probstein, 1951; Andres and Boudart, 1965; 
Collins, 1955; Feder et al., 1966). This is the name given to the 
characteristic relaxation time required to establish a time- 
invariant (but nonequilibrium) population of clusters. As dis- 
cussed by Springer (1978), the time lag predicted by Wakeshima 
(1954), Collins (1955), and Feder et al. (1966) can be written as 

where 7 is the time lag, a is a numerical constant which differs 
from theory to theory [i.e., a = 4 according to Collins (1955); 
a = 2 according to Feder et a1 (1966); a = 87r according to 
Wakeshima (1954)], m is the solute’s mass, and the other 
quantities have already been defined. Since we are concerned 
that 7 may be too large, we must use the worst possible (i.e., 
smaller) value for a. Taking a to be unity, and using v l  = 3 x 

m3 (molecular volume of solid phenanthrene); k T  = 
4.39 x lo-*’ kg m’/s* (318 K); u = 0.04 N/m; m = 2.96 x 

kg (mass of a phenanthrene molecule), we obtain 

4.99 x 10-’0 

P(bar)y 
7(s) = 

At 200 bar and y = s. On 
the other hand, for P = 15 bar and y = the time lag 
becomes 3 x s. These estimates must be compared with 
typical RESS expansion times, which range from to 1O- ’s  
(Matson et al., 1987a; Mohamed et al., 1989a). Therefore, the 
steady-state assumption is an accurate picture of reality during 

this yields a time lag of 2 x 
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the initial stages of the expansion and a plausible approximation 
that needs to be carefully checked on a case-by-case basis once 
the supercritical solvent has expanded significantly. Equations 
20 and 21 apply to condensation coefficients (i.e., fraction of 
molecules which condense from those hitting the surface of a 
nucleus) equal to unity. Otherwise, Eq. 20 should be multiplied 
by [, the condensation coefficient. Since this number can range 
from 0.04 to 1 (Springer, 1978), the preceding considerations 
should be interpreted with caution, and time lag estimates 
should not be given more than qualitative significance. 

In what follows we assume that the solute exists primarily as 
single molecules and that the time lag is much shorter than the 
expansion time, so that steady-state conditions corresponding to 
any given temperature, pressure, and supersaturation are estab- 
lished “instantaneously.” Then, as shown in the Appendix, we 
obtain the following rate expression 

I 

400 - 
300 - 

where /3 is the thermal flux of solute molecules, i.e., /3 = 

Py,/ for ideal gas behavior, and N,,, is the solute’s 
concentration in the supercritical fluid. 

Equation 22 gives the number of critical nuclei formed per 
unit time in a unit volume. It describes events occurring over a 
time span which is short compared to that required for an 
appreciable decrease in the existing supersaturation to occur. 
Since the underlying theory treats nuclei as macroscopic objects, 
it should be used with caution if calculated n* values are small. 
The thermodynamic expressions for W,,, r*, and n* apply, 
strictly speaking, to an isotropic (amorphous) solid (Gibbs, 
1877). A rigorous treatment of homogeneous nucleation of 
crystalline materials is complicated by the fact that 5 is 
dependent upon the orientation of the surface planes relative to 
the solid’s internal stresses. As is customary in discussions of 
homogeneous nucleation involving solids (Seinfeld, 1986; O H a r a  
and Reid, 1973; Kodas et al., 1986), u will be used as a 
parameter without altering the form of the equations. Note that 
u is the interfacial tension between the supercritical fluid and the 
solid solute. This quantity does not exhibit singularities and does 
not vanish at  the solvent’s critical point or a t  the lower critical 
end point. 

308.2 K 

Effect of Fluid-Phase Nonideality 
Solubility enhancement, retrograde behavior, and other char- 

acteristic features of the thermodynamics of dilute supercritical 
mixtures are a consequence of fluid-phase nonidealities. These 
are accounted for through the term Ky;(S - 1) in Eqs. 13, 18, 
19, and 22. Even though the mixtures of interest here are dilute, 
the quantity K can become very large and cannot be neglected a 
priori (Debenedetti and Kumar, 1986). 

Note that fluid-phase nonideality enters into the picture 
through the A p  term in Eq. 5. For single-component condensa- 
tion or boiling, this situation has been addressed by Katz and 
Slander ( 1  973), who treated the gas phase as an ideal mixture of 
clusters. In the present case, mixture nonideality is accounted 
for through 

Figure 1 shows the behavior of K for phenanthrene in CO, 
[ T ,  = 304.2 K; P, = 73.8 bar] a t  two slightly supercritical 
temperatures. Analogous calculations for benzoic acid in CO, 
yielded very similar results (Debenedetti and Kumar, 1986). It 
can be seen that, in the relative vicinity of the solvent’s critical 
point, K becomes very large. This quantity has been given a 
molecular-based interpretation by Cochran and Lee (1987). 

Calculations leading to Figure 1 were performed using the 
Peng-Robinson equation of state, with an interaction coefficient 
0.1 (Peng and Robinson, 1976). For each condition of tempera- 
ture and pressure, the composition range [0 < y ,  < O.ly;(T, P)] 
was divided into 100 intervals; a t  each composition, In dl was 
calculated, and K was obtained by linear regression from the 
resulting In 6, vs.y, line (see Eq. 10). 

Figure 2 shows the pressure dependence of the supersatura- 
tion at  the limit of stability, estimated as l/(Ky;), for phenan- 
threne in CO, at  two slightly supercritical temperatures. All 
calculations in this paper were performed with the Peng- 
Robinson equation of state. It can be seen that fluid-phase 
nonideality limits the attainable range of supersaturations. 
Since the mixture becomes unstable when S = (Ky;)-’ (see Eq. 
17), the increase in K (Figure 1) and y;  (solubility enhance- 
ment) imposes, in principle, a severe bound on the maximum 
amount of solute that can be present in a supercritical fluid 
before the onset of instability. Unless the solvent is cooled by 
expansion, nucleation will take place before supersaturations 
as high as those shown in Figure 2 can occur. If the supersatura- 
tion limits shown in Figure 2 are exceeded (which could 
conceivably occur a t  the higher pressures, where the allowable 
supersaturations are low), spinodal decomposition could occur. 
This interesting possibility has not been explored to date. 

As the mixture expands, ideal behavior is approached, and no 
thermodynamic limits exist on the allowable supersaturation. 
Thus, Figure 2 is of interest a t  high pressure. The use of 1/K as 
an estimate for the limit of stability implies that the mixture is 
sufficiently dilute throughout, so that Eq. 10 applies (Debene- 
detti and Kumar, 1986). In the present case, l / K  values a t  
supercritical pressures are never greater than 0.02. 

Figure 3 shows the behavior of the work (W,,,,,/kT) required 
to form a spherical nucleus of n solute molecules for phenan- 
threne in supercritical carbon dioxide. An interfacial tension of 
0.04 N / m  has been assumed. The “ideal” curve was calculated 
with In S as the driving force for nucleation; the “actual” curve, 

Y 
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700 

800 i 
500 i 

0 

P(bor) 

Figure 1. Dependence of Kupon pressure. 
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with Ky:(S - 1 )  - In S (see Eqs. 13 and 14). The values of S 
(12.63), K (99.39), and y; (7.96 x used in the figure 
correspond to the limit of stability a t  120 bar and 318.2 K [S = 
(KY;)-']. Although the effect of fluid-phase nonideality on the 
work of nucleus formation and on the size of the critical nucleus 
is seen to be significant (n* = 142 vs. n* = 549), it is the actual 
nucleation rate that one is ultimately interested in calculating. 
We now investigate the behavior of the homogeneous nucleation 
rate under typical RESS operating conditions. 

Attainable Nucleation Rate 

We consider three possible expansion paths: (a) isothermal 
decompression from 200 bar to 1 bar a t  318.2 K; (b) isobaric 
preheating at  121.6 bar from 318.2 K to 362.2 K,<followed by 
isenthalpic expansion to 1 bar (and 253.2 K); and (c) isobaric 
preheating a t  141.9 bar from 318.2 K to 362.2 K, followed by 
isentropic expansion to 121.6 bar (and 353.2 K) and subsequent 
isenthalpic expansion to 1 bar (and 227.2 K). In each case, the 
starting mixture is saturated. 

The isothermal path is highly idealized and could be approxi- 
mated by depressurizing a well-stirred autoclave with conduct- 
ing walls immersed in a constant temperature bath. Preheating 
followed by isenthalpic expansion corresponds to steady adia- 
batic flow through a throttling valve into an atmospheric line, 

4s0 I I  

0 0.2 0.4 0.8 0.1 1 1.2 1.4 1.8 1.0 
(Thousand.) 

Number of moI.euI.. In nudeus (n) 

Figure 3. Work of formation of a spherical nucleus. 
P =  120bar;T=318 .2KS=(Ky; ) - '=  12.63;o=O.O4N/m 

preceded by a heating section in which the fluid's temperature is 
raised enough to avoid solvent liquefaction (or solidification) 
upon expansion. The pre- and post-expansion conditions are 
isenthalpic only if changes in kinetic energy are negligible, a 
condition that is readily attained for large enough downstream 
tube diameters. (In the present example, the expansion from 
121.6 bar and 362.2 K to 1 bar and 253 K is accompanied by a 
125-fold density decrease; for 0.32 cm tubing upstream, and 1.9 
cm tubing downstream, this brings about a 12-fold increase in 
kinetic energy; for a flow rate of 0.5 std. L/min through the 
restriction, the upstream velocity in 0.32 cm tubing is 7.4 mm/s, 
and, therefore, the change in kinetic energy is 0.004 m2/s2, 
which is entirely negligible.) The actual expansion process is 
complex, and involves shocks if the flow is choked in the 
restriction. This situation has been analyzed qualitatively by 
Matson and coworkers (Matson et al., 1987a) who considered 
free expansion of the jet into a large chamber after throttling. 
The present calculations, which assume isenthalpic conditions 
throughout the expansion (rather than simply between end 
states) are therefore an idealization. The last path differs from 
the isenthalpic case in that initial expansion (after preheating) 
takes place in a converging nozzle. Expansion calculations for 
the pure solvent were performed using actual CO, data (Perry et 
al., 1963; Raznjevic, 1976; Reynolds, 1979); all points are in the 
single-phase region. Symbols in Figures 4-9 denote those points 
whose temperature and pressure were read from thermody- 
namic charts. 

At a given T and P, the supersaturation is given in what 
follows by y;( T,, P,)/y;( T, P), where T, and P, denote the initial 
conditions prior to expansion (i.e., T, = 318.2 K, P, = 200 bar 
for isothermal decompression). Thus, we calculate the maxi- 
mum attainable nucleation rate for a given initial condition. 
Since no solute condensation is allowed in the present calcula- 
tions, the expansion path is that of the pure solvent. The solute 
mole fraction never exceeds 2.6 x lo--' in the examples 
considered here; in more concentrated systems, the mixture's 
expansion path can differ from that of the pure solvent. At every 
temperature and pressure considered in the expansion calcula- 
tions, the K values calculated in the dilute limit were always 
within 5% of the value obtained by least squares fitting the In 4, 
vs. yI relationship up to the maximum solute mole fraction used 
here (2.6 x 

Figure 4 shows the evolution of the maximum attainable 

1 1  . 

0 20 40 60 80 100 120 140 160 1 

P (bar) 

Figure 4. Attainable supersaturations: isothermal expan- 
sion at 318.2 K. 
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supersaturation as an initially saturated solution of phenan- 
threne at  318.2 K and 200 bar is decompressed isothermally to 
atmospheric pressure. Since the starting composition is fixed, 
the attainable supersaturation curve is inversely proportional to 
the solubility. Attainable supersaturations are also shown in 
Figure 5 for the isenthalpic and isentropic-isenthalpic cases, 
respectively. As will be shown below, both the solvent's expan- 
sion (which lowers the solute's concentration) and the conse- 
quent temperature drop give rise to relatively flat nucleation rate 
profiles even in the presence of supersaturations as exceptionally 
large as those shown in Figure 5. 

For the three expansion paths considered here, the difference 
between In S and In S - Ky;(T, P)(S - 1) (i.e., the ideal and 
real driving forces for nucleation) was never greater than 24%. 
On the other hand, if an initially saturated mixture of phenan- 
threne in carbon dioxide at  160 bar and 318 K were rapidly 
expanded isothermally to 80 bar, the ideal and real driving 
forces a t  the latter condition would be very different: 3.05 and 
1.73, respectively. In general, nonideality tends to be more 
important ( K  greater) during the initial stages of the expansion, 
when supersaturations (and hence nucleation rates) are small. 
This cancellation tends to decrease the effect of mixture nonide- 
ality upon the computed nucleation rate. This effect, however, 
will always be significant close enough to criticality. 

Figure 6 shows the attainable nucleation rate as an initially 
saturated mixture of phenanthrene in carbon dioxide is decom- 
pressed from 200 bar to atmospheric pressure while the temper- 
ature is maintained at  318.2 K. Labels on the curves in Figures 
6-9 are interfacial tensions in N/m, and the nucleation rates are 
in cm-3 4 SK I .  The nucleation rate was calculated with Eq. 22, 
using the ideal gas value for the thermal flux (p) and the 
Peng-Robinson equation to compute the solute's concentration 
at  the given temperature, pressure, and mole fraction. Errors 
arising from using the ideal-gas value for p (but with the actual 
pressure, P) are relatively minor when compared with the effects 
of uncertainties in interfacial tension upon the calculated 
nucleation rates. Nevertheless, the derivation of expressions for 
p, which take into account solvent nonideality and strong 
solute-solvent interactions (clustering; Petsche and Debenedetti, 
1989), is an important question that needs to be addressed. 
Solvent expansion, on the other hand, plays a major role in 
RESS, and it is important to use the actual solvent concen- 
tration a t  a given temperature and pressure to calculate 
Nt", (=Yl x NS",",",). 

l o 9  
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l o 3  
1 0 2  
10' 
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t I 

200 225 250 275 300 325 350 375 400 

Temperature (K) 

Figure 5. Attainable supersaturations: a. isobaric pre- 
heat, isenthalpic expansion; b. isobaric pre- 
heat, isentropic, and then isenthalpic expan- 
sion. 
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Figure 6. Attainable nucleation rates for different interfa- 
cial tensions (N/m): isothermal expansion at 
318.2 K. 

For u = 0.02 N/m, the attainable nucleation rate increases 
by 12 orders of magnitude between 100 and 80 bars. Thereafter, 
there is a rough balance between increase in the thermodynamic 
driving force and decrease in solute concentration, with the 
attainable rate remaining at  roughly lo4 ~ m - ~ s - ' .  This balance 
is remarkable: one would not, in general, expect a preexponen- 
tial factor (solute concentration) to compete with an exponential 
term (the supersaturation). In RESS, however, the solvent's 
compressibility, which is very large near the critical point, gives 
rise to very large changes in solute concentration with moderate 
changes in pressure. 

The calculations leading to Figure 6 should be interpreted 
with caution. Their objective is to illustrate those aspects of the 
problem which are unique to RESS, and not to predict actual 
nucleation rates. In order for this to be possible, independent 
estimates of the interfacial tension must be available. Since 
there is considerable experimental evidence of homogeneous 
nucleation in the free-expansion RESS configuration used by 
Halverson (1989) and Mohamed et al. (1989a,b), the present 
calculations suggest that typical values for u between organic 
solids and supercritical solvents should be around 0.02 N/m; the 
calculations along different expansion paths presented below 
confirm this estimate. Furthermore, the calculated critical 
nuclei for the low and intermediate surface tensions lose their 
macroscopic character (upon which the whole theory is based) 
around 100 bars and become 0 ( 1 )  quantities upon further 
expansion. This is shown in Figure 7. Under these conditions, 
rate predictions based on thermodynamic arguments retain 
qualitative significance, but cannot be considered predictive. 

Figure 8 shows rate calculations for the isenthalpic expansion. 
The initial portion along each curve corresponds to the isobaric 
preheating. Because the mixture exhibits retrograde solubility 
under these conditions (i.e., solubility decreases as temperature 
increases; see, for example, Debenedetti and Kumar, 1988), 
preheating can give rise to appreciable nucleation for low 
enough interfacial tensions. Even though the isenthalpic expan- 
sion gives rise to very large attainable supersaturations (see 
Figure 5), attainable nucleation rates are not significantly 
greater than in the isothermal expansion case (compare Figures 
6, 8). This is because of the large temperature drop along the 
isenthalpic path. 

Attainable nucleation rates along the isentropic-isenthalpic 
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Figure7. Number of molecules in a critical nucleus for 
different interfacial tensions (N/m): isothermal 
expansion at 318.2 K. 

path (following preheat) are shown in Figure 9. The trends are 
qualitatively similar to those exhibited during isenthalpic expan- 
sion. 

Discussion 
In this paper, we have investigated the predictions of classical 

nucleation theory regarding the behavior of the work of forma- 
tion of a critical nucleus, the size of the critical nucleus, and the 
nucleation rate, along three possible expansion paths relevant to 
RESS processing. The application of classical nucleation theory 
to RESS involves no additional approximation other than the 
ones made routinely in aerosol calculations (Warren and Sein- 
feld, 1985; Pratsinis, 1988; Turner et al., 1988). 

The calculations take into account fluid-phase nonideality. 
They address the limiting situation wherein the solute’s mole 
fraction in the expanding fluid remains constant a t  its initial 
value. Thus, the calculated supersaturations and nucleation 
rates represent the highest possible values consistent with the 
particular initial conditions and expansion paths. 

Attainable rates along the different expansion paths explored 
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Figure 8. Attainable nucleation rates for different interfa- 
cial tensions (N/m): isobaric preheat, isenthal- 
pic expansion. 
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Figure 9. Attainable nucleation rates for different interfa- 
cial tensions (N/m): isobaric preheat, isen- 
tropic, and then isenthalpic expansion. 

here exhibit some common characteristics. In the first place, 
fluid-phase expansion plays a key role. This is a consequence of 
the solvent’s large compressibility and tends to cause a signifi- 
cant decrease in nucleation rate with only moderate changes in 
pressure. Secondly, although attainable supersaturations can 
reach very large values (Figure 5 ) ,  this is accompanied by a 
large temperature decrease. The interaction between these 
competing effects (pronounced decrease in solute concentration 
due to solvent expansion; increase in attainable supersaturation; 
temperature drop) tends to give rise to relatively flat attainable 
nucleation rate profiles. For the system investigated here and an 
assumed surface tension of 0.02 N/m, maximum rates do not 
exceed lo4 per (cm3 s) for both the isenthalpic and isentropic- 
isenthalpic paths. 

An appreciable fraction of the maximum nucleation rate can 
be achieved in all cases after partial expansion. Thus, for a 
surface tension of 0.02 N/m, a nucleation rate of 2,200 cm13 . 
s-’  is attained at  80 bar for the isothermal expansion (maxi- 
mum, 15,800 cm-3 - s-’  at  60 bar); along the isenthalpic path, 
the nucleation rate becomes 1,100 cm-3 s - ’  at  51 bar 
(maximum, 1,300 cm-3 - s-’ a t  35.5 bar); along the isentropic- 
isenthalpic path, the nucleation rate becomes 1,400 cm-3 . s - ’  
at  71 bar (maximum, 5,700 - s-’ at  35.5 bar). Thus, the 
concept of partial expansion (Tavana and Randolph, 1989) 
appears feasible. 

The conditions and physical properties used in the present 
calculations are representative of relatively small organic solutes 
(MW < lo3), processed with solvents having moderate critical 
temperatures (approximately 300 K) and are of interest, for 
example, in RESS processing of pharmaceutical compounds 
(Mohamed et al., 1989a). In other situations, such as the 
production of inorganic powders from supercritical water (Mat- 
son et al., 1987a,b), the operating temperature ranges are very 
different from the ones considered here, and the conclusions 
derived in this paper will not apply. 

Our calculations represent just the first step towards a 
quantitative understanding of RESS. The full mathematical 
description must account for particle growth (aerosol dynamics) 
and for the coupling among mass, energy, and momentum 
balances in the highly nonideal fluid phase. Finally, the need for 
“measurements” (e.g., from carefully controlled nucleation 
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expeeriments) and estimation techniques for interfacial tensions 
between solids and  supercritical fluids cannot be overstated. 

Acknowledgment 
The author gratefully acknowledges the financial support of the 

National Science Foundation (Grant CBT 8657010), the donors of the 
Petroleum Research Fund, administered by the American Chemical 
Society, the Camille and Henry Dreyfus Foundation for a 1989 
Teacher-Scholar Award; Merck, Sharp and Dohme Research Laborato- 
ries, and Enzytech, Inc., of Cambridge, MA. The author is also grateful 
to a referee for suggesting the possibility of spinodal decomposition in 
the RESS process. 

Notation 
a = numerical constant defined in Eq. 20 
F = surface area of a nucleus, L’ 
f = nucleus distribution function, L-’ 
I = nucleation rate, t-’  . L-3 

K = function of temperature and pressure defined in Eq. 10 
k = Boltzmann’sconstant, 1.38 x 

m = mass of a solute molecule, M 

n = number of molecules in a nucleus 
P = pressure, ML ’ , t-2 
r = radius of a spherical nucleus, L 
S = supersaturation ratio 
T = temperature, 0 

v I  = molecular volume of solid solute, L3 

y = mole fraction 

J/K 

N,,, = total solute concentration in the bulk fluid phase, L-’ 

W,,, = reversible work of nucleus formation, MLZ . t 

Greek letters 
a! = convective coefficient for nucleus flux in size space, t r  ’ 
0 = thermal flux of solute molecules, t-’  . L-2  
8 = diffusive coefficient for nucleus flux in size space, t - ’  
y = evaporative flux, L-2 . t - ’  
6 = fugacity coefficient 
X = function of temperature defined in Eq. 9, ML2 . t-* 

u = interfacial tension, Mt-2 
T = lag time, t 

= chemical potential, ML’ . t-’ 

Superscripts 
e = equilibrium 
s = solid 
’ = inside the nucleus 
* = critical nucleus 
m = infinite dilution 

Subscripts 
1 = solute 

o = metastable equilibrium 
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distribution function then satisfies the Fokker-Planck equation, 

af ar 
at a n  
- _  - _ -  

where f (n, t)dn is the number of nuclei per unit volume within 
the size range [n, n + dn] at  time t ,  and I ( n )  is the net rate (per 
unit volume) at  which n-mers (nuclei containing n molecules) 
are formed by monomer condensation onto ( n  - 1)-mers, minus 
the rate a t  which they are destroyed by monomer evaporation. 
Since the rate can be regarded as a flux in nucleus size space, we 
can write 

af 
an I =  -6-+af 

where the two terms represent the diffusional and convective 
contributions to the flux in size space. 

For n < n*, nuclei are distributed according to 

f o  ( n )  a exp - W,,, (n ) /kT]  

where subscript 0 denotes the “equilibrium” distribution. Here, 
equilibrium denotes the state of the metastable fluid over times 
smaller than the characteristic time for the formation of a 
critical nucleus (Lifshitz and Pitaevskii, 198 1). Accordingly, 
Eq. A3 is only meaningful for n < n*. Since no work is needed to 
form a single-particle nucleus and we have assumed that the 
solute exists overwhelmingly as single molecules, the proportion- 
ality constant in Eq. A3 is of the order of N,,,, the total solute 
concentration. Upon setting I = 0 for f = fo, we obtain the 
relationship between the diffusive and convective coefficients in 
J%. A2, 

6 dWmin 
a = - - -  kT dn 
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so that Eq. A5 can be rearranged to read 
Appendix 

classical nucleation theory arguments (Becker and Doring, an - I  (A71 -6fo- - 

Now, for small n,fand fo are indistinguishable. This means that 
the metastable fluid acts as a reservoir for small nuclei, their 
inventory being replenished so fast as to make their distribution 
indistinguishable from the “equilibrium” case (Lifshitz and 
Pitaevskii, 1981). For n > n * ,  fo (which then has only mathe- 

The derivation of an expression for the nucleation rate follows a ( f / f o )  

1935; Zeldovich, 1942; Frenkel, 1955; Lifshitz and Pitaevskii, 
198 1 ). We consider nuclei to be large objects ( n  large), and their 
concentration to be small, so that the solute exists overwhelm- 
ingly as “monomer” ( n  = 1). Then, the growth or breakdown of 
nuclei occurs via elementary steps consisting of the attachment 
or loss of single solute molecules. The evolution of the nucleus 
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ical significance) increases without bounds, whereas f is necessar- 
ily finite (or vanishing). Thus, 

f 
-fo 
lim - = 0 

Equation A9 does not imply the physical existence of an 
“equilibrium” distribution of nuclei for n > n*; it provides a 
closure condition for the calculation of the rate, I: 

It follows from the definition of I that 

Z(n) = f ( n  - l)PF(n - 1 )  - f ( n ) r F ( n )  

and 

fob - l)BF(n - 1) =fo(n)rF(n)  (n < n*) 

where F ( n )  is the surface area of a nucleus containing n 
molecules. The simultaneous validity of Eqs. A l l  and A12 
implies that the characteristic time for the attainment of an 
equilibrium velocity distribution is much smaller than that 
associated with the formation of a critical nucleus. 

Combining Eqs. A1 1 and A12, we obtain 

which, in the macroscopic limit (n = large) becomes 

Comparison with Eq. A7 yields 

Substituting Eq. A15 into Eq. A10, and expanding f o  about n*, 

where An = n - n*, Wz,,(*) denotes the second derivative of 
Wmin(n), evaluated at the (unstable) equilibrium condition (i.e., 
n = n*), and we have used the sharpness of the integrand’s peak 
at  equilibrium to factor F(n) out of the integral a t  its equilib- 
rium value, as well as to transform the limits of integration from 
[n << n*; n >> n*] to [ -m; +-I. Then, using Eq. 13 and assuming 
the nucleus to be spherical we obtain 
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